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We determine the finite simple groups whose group of automorphisms acts with at
most5 orbits: this characterizes the projective special linear groups of degree2 over fields
with at most9 elements.

The following notes contain a characterization of the groupsPSL (2, f) for f ∈
{4, 5, 7, 8, 9} by the fact that they are finite simple groups whose automorphism
group has at most5 orbits. The classification of finite simple groups is not used
in the proof. Using the classification, one could get a much shorter proof, cf. 4.3
below, or see [17] 4.5.

1. INTRODUCTION.

Let G be a finite simple (nonabelian) group. We denote byω (G) the number
of orbits underAut (G). It has been observed in [16] 2.3 thatω (G) = 4
characterizes the smallest example:G ∼= Alt5. In this note, we concen-
trate on the caseω (G) = 5. It turns out that this characterizes the groups
PSL (2, 7) ∼= PSL (3, 2), PSL (2, 8), andPSL (2, 9) ∼= Alt6, see 4.2 below.
The groupsPSL (2, 2) andPSL (2, 3) are not simple, whereasPSL (2, 4) and
PSL (2, 5) are both isomorphic toAlt5. Thus the conditionω (G) ≤ 5 singles out
the groupsPSL (2, f) with 4 ≤ f ≤ 9 among the finite simple groups.

The effect of bounds onω (G) has been investigated for different classes of
groups; see [14] and [15].

General Assumption.Throughout, we consider a finite simple groupG with
ω (G) ≤ 5. According to Burnside’spαqβ-Theorem (cp. [6] 4.3.3), the order of
G has at least3 prime divisors; sayt, p, q, wheret is chosen minimally. Picking
elements of order1, t, p, andq, respectively, we obtain representatives for four of
the five orbits. The elements in the remaining orbit all have the same orderr.

Since no other orders apart from1, t, p, q, r can occur, we obtain:

Lemma 1.1. Eitherr is a prime(which may belong to{t, p, q}), or it belongs
to the setr ∈ {t2, tp, tq, p2, pq, q2}.
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The different possibilities forr will be studied separately. That is, we will
concentrate first on the case wherer is a power of a prime (andG has no elements
of mixed order), then we will study the cases whereG contains elements of odd
mixed order, or of even mixed order.

The Odd Order Theorem [4] assertst = 2. However, parts of our considerations
will be independent of that deep result. In particular, we will mostly deal with
CN-groups; that is, groups where every nontrivial element hasnilpotent central-
izer. As a forerunner to the Odd Order Theorem, it has been shown by W. Feit,
M. Hall and J.G. Thompson [3] that everyCN-group of odd order is solvable;
compare [6] 14.3.1. Later on, we will also need M. Suzuki’s classification of sim-
pleCN-groups (see [18] and [19]). Another case is dealt with by an application of
an old characterization ofSL (2, 2n) by Burnside [1], or alternatively, by Suzuki’s
results onC-groups (where centralizers of involutions have a normal Sylow 2-
subgroup). Finally, we apply D. Gorenstein’s result about groups with abelian
Sylow 2-subgroups and solvable centralizers of involutions [5]. For groups that
are notCN-groups, we need the Odd Order Theorem [4]. Of course, Gorenstein’s
result could also be used at an early stage, but it appears reasonable to use weaker
methods where these are sufficient. The reader may also note that we deal with
simple groups with abelian Sylow2-subgroups in almost all cases. These groups
were classified by J.H. Walter [22], but we do not use that classification (involv-
ing, apart from certain projective special linear groups, the Ree groups and the
sporadic group J(11) discovered by Janko). Compare [6] p. 484 for a discussion
of that classification.

A large part of the present paper deals with groups whose order has only three
prime divisors. According to a result of M. Herzog’s [8], this condition singles
out the groupsPSL (2, f) (with f ∈ {4, 5, 7, 8, 9, 17}), PSL (3, 3), PSU (3, 3),
andPSU (4, 2). Herzog has only considered the finite simple groups that were
known in 1968, but the classification of finite simple groups shows that his list is
complete. We do not use the classification of finite simple groups in the present
paper.

Recently, groups with solvable2-local subgroups have been investigated by M.
Hayashi and Y. Tanaka, see [7]. It does not come as a surprise that the class of
groups characterized in [7] has large intersection with theclass of groups that we
have to consider. However, the results (and methods) of thatpaper are not used in
the present investigation.

2. GROUPS WITHOUT ELEMENTS OF MIXED ORDER.

The case wherer is a prime or belongs to{p2, q2} is comparatively easy, it leads
immediately toCN-groups:
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Lemma 2.1. LetH be a finite group where every nontrivial element has prime
power order. ThenH is a CN-group. If there are no elements of order4 then the
Sylow2-subgroups are elementary abelian.

Proof. If every element ofH\{1} has prime power order then commuting
elements are contained in Sylow subgroups, andH is aCN-group. Nonexistence
of elements of order4 implies that the Sylow2-subgroups have exponent2 and
are therefore (elementary) abelian.

M. Suzuki has determined the simpleCN-groups; see [18] and [19]. If
such a group has abelian Sylow2-subgroups, it is isomorphic to one of the
groupsPSL (2, 2n), wheren ≥ 2; compare [6] 14.4.1. HerePSL (n, f) :=
SL (n, f) /Z(SL (n, f)) denotes the quotient of the groupSL (n, f) of n × n
matrices of determinant1 over the fieldGF(f) with f elements by the center
Z(SL (n, f)). The groupPSL (n, f) is denoted byLn(f) in [6]. Note also that
PSL (2, 2n) = SL (2, 2n) because the center is trivial.

Examples 2.2. For Alt5 ∼= PSL (2, 4) ∼= PSL (2, 5) we haveω (Alt5) = 4,
andPSL (2, 8) satisfiesω (PSL (2, 8)) = 5.

Proof. The elements ofAlt5 have orders1, 2, 3, and5 respectively. It is well
known that elements of the same order inAlt5 are conjugates underSym5 because
they have the same type. The isomorphismsPSL (2, 4) ∼= Alt5 ∼= PSL (2, 5) are
obtained by observing thatPSL (2, 4) andPSL (2, 5) have5 Sylow2-subgroups,
compare [9] II 6.14.

RegardingPSL (2, 8) = SL (2, 8), we have to work a little harder. The order
of that group is23 · 32 · 7. I claim that the elements have order1, 2, 3, 9, and7,
respectively, and that elements of the same order belong to the same conjugacy
class in the groupΓL(2, 8) := Aut (GF(8))⋉GL28.

The group

T :=

{(

1 x
0 1

) ∣

∣

∣

∣

x ∈ GF(8)

}

of transvections is a Sylow2-subgroup ofSL (2, 8). Every nontrivial element of
T has order2, and the transvections inSL (2, 8) form a single conjugacy class
in GL28. Considering the rational canonical form (compare [11] pp.194–200),
we infer that each element of order3 in SL (2, 8) is a conjugate of

(

0 1
1 1

)

.

Similarly, we obtain that elements of order9 in SL (2, 8) are conjugates of

(

0 1
1 a

)

,



4 MARKUS STROPPEL

wherea is a root ofX3 + X + 1 in GF(8). Since the roots of that polynomial
are permuted transitively byAut (GF(8)), we have that the elements of order9
in SL (2, 8) form a single conjugacy class inΓL(2, 8). Finally, the elements of
order7 have rational canonical form

(

0 1
1 b

)

,

whereb is a root ofX3 + X2 + 1 in GF(8). Again, the different roots of that
polynomial form an orbit underAut (GF(8)).

We still have to show that each element ofSL (2, 8) has prime power order. Let
x be any element inSL (2, 8) whose order is not a power of3. Thenx centralizes
an elementy (a suitable power ofx) of prime orders 6= 3. If s = 2 thenx is
contained in the centralizer of a transvection, and thus in aSylow2-subgroup. For
s = 7, the elementy is a conjugate of

A :=

(

a 0
0 a−1

)

,

wherea is a generator of the multiplicative group ofGF(8). The centralizer ofA
in SL (2, 8) consists of diagonal matrices: that is, the centralizer is just the group
generated byA, and has order7.

Theorem 2.3. Let G be a finite simple group withω (G) ≤ 5. If every
element inG\{1} has prime power order and the Sylow2-subgroups are abelian
then eitherG ∼= PSL (2, 4) (andω (G) = 4), orG ∼= PSL (2, 8) (andω (G) = 5).

Proof. According to Lemma 2.1 and Suzuki’s result aboutCN-groups with
abelian Sylow2-subgroups, we have to consider the groupPSL (2, 2n) for n ≥ 2.
This group contains cyclic subgroups of order2n − 1 and2n + 1, respectively;
see [6] 2.8.3. One of these numbers is divisible by3. As there are no elements
of mixed order inG, that number is in fact equal to3 or to 32. From 3 ∈
{2n − 1, 2n + 1} we conclude3 = 2n − 1 andG ∼= PSL (2, 4). As 32 + 1 is not
a power of2, there remains the case32 = 2n + 1 andG ∼= PSL (2, 8).

Thus we know the simple groupsG with ω (G) ≤ 5 andr ∈ {t, p, q, p2, q2}.
We turn to the caser = t2; then we still know thatG is aCN-group, andt = 2.
However, the Sylow2-subgroups need no longer be abelian. We need M. Suzuki’s
results from [18] and [19]:

Theorem 2.4. LetG be a nonsolvable CN-group. ThenG is isomorphic to
one of the groupsSz(22m+1), PSL (2, 2n), PSL (2, p), PSL (2, 9), or PSL (3, 4),
wherem ≥ 1, n ≥ 2, andp is a Fermat or a Mersenne prime.

Recall that Fermat primes are primes of the form2(2
n) + 1; and Mersenne

primes are primes of the form2n − 1. For s = 22m+1, the groupSz(s) is the
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so-calledSuzuki groupof order(s2 + 1)s2(s− 1) which should not be confused
with the sporadic simple group found by M. Suzuki. See [10] XI§3 or Sections 21,
22, and 24 in [12] for a discussion of these groups and their subgroups.

Example 2.5. The groupPSL (2, 9) satisfiesω (PSL (2, 9)) = 5.

Proof. The order ofPSL (2, 9) is (92−1)(92−9)
(9−1)2 = 23 · 32 · 5. A Sylow

3-subgroup is represented by the elementary abelian group oftransvections

{(

1 x
0 1

) ∣

∣

∣

∣

x ∈ GF(9)

}

.

Sylow2-subgroups are dihedral: in fact, taking a generatora of the multiplicative
group of the Galois fieldGF(9) we obtain the element

Q := ±

(

a 0
0 a−1

)

∈ PSL (2, 9)

of order4, and notice that the involution

J := ±

(

0 1
−1 0

)

∈ PSL (2, 9)

satisfiesJ−1QJ = Q−1. ThusPSL (2, 9) contains elements of order1, 2, 4, 3,
and5, respectively. I claim that elements of the same order inPSL (2, 9) are con-
jugates in the groupΓL(2, 9) = Aut (GF(9))⋉GL29 of all semilinear bijections
of GF(9)2.

The fieldGF(9) is obtained by adjoining an elementi with i2 = −1 toGF(3).
The Galois groupAut (GF(9)) is generated by the involutionx+iy 7→ (x+iy)3 =
x+ iy := x− iy. The relevant cyclotomic polynomials split overGF(9) as

X5 − 1 = (X − 1)(X2 + bX + 1)(X2 + b̄X + 1) and

X8 − 1 = (X − 1)(X + 1)(X − i)(X + i)(X − a)(X + a)(X − ā)(X + ā)

whereb = −1 − i and b̄ = −1 + i; the elementa is still a generator of the
multiplicative group ofGF(9) (and satisfiesa2 ∈ {i,−i}). Every element of
order 5 in PSL (2, 9) is of the form±M for some matrixM ∈ SL (2, 9) of
order5. The characteristic polynomialχM of M dividesX5 − 1. Therefore, we
haveχM (X) = X2 + cX + 1 with c ∈ {b, b̄}, and a change of basis (that is,
conjugation inGL29) yields

M =

(

0 1
−1 −c

)

.

The two conjugacy classes inGL29 are fused underAut (GF(9)).
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Any element of order2 in PSL (2, 9) is represented by a matrix of order2
or 4 in SL (2, 9). As the only involution inSL (2, 9) is the central one, we infer
that involutions inPSL (2, 9) are induced by matrices with eigenvalues that are
roots ofX2 + 1 = (X − i)(X + i). We obtain that this matrix is a conjugate
of J . Elements of order4 are represented by matrices with eigenvalues that are
primitive roots ofX8 − 1. This leads to conjugates of±Q and±Q−1. Again, the
two conjugacy classes underGL29 are fused underAut (GF(9)).

The elements of order3 are the (nontrivial) transvections, which form a single
conjugacy class inGL29.

Finally, we have to show that there are no elements of mixed order inPSL (2, 9).
An easy way to do this is to consider the groupAlt6 which is isomorphic to
PSL (2, 9); compare [9] II 6.14. One could also proceed as in the proof of2.2.

Remark 2.6. The fact that all elements of order3 (those with and those
without fixed points) belong to a single orbit underAut (Alt6) reflects the fact
thatAlt6 admits an automorphism that isnot induced by an inner automorphism
of Sym6. The groupAlt6 is characterized among all alternating groups by the
existence of such an unexpected automorphism, compare [13].

Lemma 2.7. No simple Suzuki groupSz(22m+1) satisfiesω
(

Sz(22m+1)
)

≤ 5.

Proof. The assertion follows easily using the facts thatSz(22m+1) contains
cyclic groups of orders4, 22m+1−1, 22m+1+2m+1+1, and22m+1−2m+1+1,
respectively; compare [10] XI 3.10 or [12] 24.7. Thusω

(

Sz(22m+1)
)

≤ 5 implies
that two of these numbers coincide. One easily sees that thisimpliesm = 0. But
Sz(2) has order20 and is not simple.

Lemma 2.8. For each natural numbern ≥ 2 we haveω (PSL (3, 2n)) > 5.

Proof. This group contains a subgroup isomorphic toSL (2, 2n), and thus
elements of order1, 2, 2n − 1, and2n + 1, respectively; see [6] 2.8.3. Moreover,
the groupPSL (3, 2n) contains elements of order4, represented, for instance, by





1 1 0
0 1 1
0 0 1



 .

Thusω (PSL (3, 2n)) ≤ 5 implies that the numbers2n− 1 and2n+1 are primes.
One of these is divisible by3, and we infer2n = 4. Now PSL (3, 4) has order
26 · 32 · 5 · 7. Therefore, there are at least6 orbits, containing elements of order
1, 2, 4, 3, 5, and7, respectively.

The casen = 1 that was left in 2.8 indeed leads to another example of a simple
groupG with ω (G) = 5:

Example 2.9. For PSL (3, 2) ∼= PSL (2, 7) we haveω (PSL (3, 2)) = 5.
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Proof. See [9] II 6.14 for a proof that the groupsPSL (3, 2) andPSL (2, 7)
are isomorphic. They have order23 · 3 · 7. Consider an elementx ∈ PSL (2, 7)
whose order is divisible by7. Thenx centralizes an elementy of order7. Now
y is a transvection, whose centralizer inPSL (2, 7) coincides with the subgroup
generated byy. This shows that the order of any element ofPSL (2, 7) either
equals7 or divides23 · 3.

We consider the action on the projective plane with7 points and7 lines; that is,
we interpret the group asPSL (3, 2). Every element whose order is different from7
fixes at least one line, and is thus contained in a conjugate ofthe affine group,
which is isomorphic toSym4. Therefore, these elements have order1, 2, 3, or 4,
and we see that all elements of order3 and4, respectively, belong to the same orbit.
The involutions are transvections, and thus conjugates inPSL (3, 2). It remains
to study elements of order7, we do this in the isomorphic groupPSL (2, 7): there
the elements of order7 are transvections, and conjugates underGL27.

Lemma 2.10. Let p be a Fermat or a Mersenne prime. Then the group
PSL (2, p) satisfiesω (PSL (2, p)) ≤ 5 exactly if p ∈ {3, 5, 7}. The group
PSL (2, 3) ∼= Alt4 is not simple(and satisfiesω (PSL (2, 3)) = 3), the group
PSL (2, 5) ∼= Alt5 satisfiesω (PSL (2, 5)) = 4, andPSL (2, 7) ∼= PSL (3, 2) is
a group withω (PSL (2, 7)) = 5.

Proof. It suffices to consider the casep > 7. As p is a Fermat or a Mersenne
number, we havep = 2n + ε, whereε ∈ {1,−1}. We haven > 3, and the order
of PSL (2, p) is

(

(2n + ε)2 − 1
)

(2n + ε)/2 = 2n(2n−1 + ε)p. Thus the Sylow
2-subgroups ofPSL (2, p) have order2n ≥ 16. The Sylow subgroups are dihedral
groups (see [9] II 8.10), and contain an element of order2n−1 ≥ 8, which means
ω (PSL (2, p)) ≥ 6.

Remark 2.11. It remains (under our present hypothesis thatr is a prime
power) to consider the groupsPSL (2, 2n), wheren ≥ 2. These groups have
elementary abelian Sylow2-subgroups, and they contain elements of order2n+1
as well as elements of order2n − 1. Therefore,ω (PSL (2, 2n)) ≤ 5 implies
n ∈ {2, 3}; see 2.2, and we have the following result:

Theorem 2.12. LetG be a simple group withω (G) ≤ 5, and assume that
every element ofG has prime power order. ThenG is isomorphic to one of the
groupsPSL (2, 4), PSL (2, 7) ∼= PSL (3, 2), PSL (2, 8), or PSL (2, 9).

3. GROUPS WITH ELEMENTS OF MIXED ODD ORDER.

We recall an old result due to Burnside [1]: IfG is a finite simple group of even
order all of whose elements either have odd order or have order 2, thenG is
isomorphic toSL (2, 2n) for some natural numbern > 1. See [2] Th. 56, p.99 for
a more recent proof of that result.
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In the case wherer = pq is odd, this allows to conclude that our groupG is
covered by the reasoning in the previous section. However, we need to know
t = 2; that is, we have to refer to the Odd Order Theorem [4].

A different approach (also using the Odd Order Theorem) to the caser = pq
is the following. M. Suzuki [20] has also classified simpleC-groups (where
the centralizer of any involution is2-closed; that is, has a normal Sylow2-
subgroup, see [6] p. 444). The result is: every simpleC-group is isomorphic
to one of the groupsPSL (2, p), PSL (2, 9), PSL (2, 2n), Sz(2n), PSU

(

3, 22n
)

,
or PSL (3, 2n); wherep is a Fermat or Mersenne prime, andn ≥ 2. Com-
pare [6] p. 466.

From r = pq we infer that centralizers of involutions are contained in Sylow
2-subgroups; thus it is trivial that these groups are2-closed. According to Suzuki’s
result and our observations in 2.10, 2.5, 2.11, 2.7, and 2.8,it only remains to study
the groupsPSU

(

3, 22n
)

. We will show that these groups contain elements of
order4. This means that no new examples occur forr = pq.

The groupPSU
(

3, 22n
)

is obtained as a quotient of the special unitary group
SU

(

3, 22n
)

of 3×3matricesAwith determinant1 over the fieldGF(22n), subject
to the additional requirement thatA−1 is obtained by transposingA and applying
the (unique) involutionσ ∈ Aut

(

GF(22n)
)

to each entry. (Note thatxσ = x(2n).)
The kernel of this quotient is the center

{

c · id
∣

∣ c ∈ GF(22n), c3 = 1 = cσc
}

of
SU

(

3, 22n
)

.
For every pair(a, b) ∈ GF(22n) with aaσ = b+ bσ, the matrix

M(a, b) :=





b 1 + b a
1 + b b a
aσ aσ 1





belongs toSU
(

3, 22n
)

. It is easy to see that it satisfies

M(a, b)2 =





1 + aaσ aaσ 0
aaσ 1 + aaσ 0
0 0 1





ThusM(a, b)4 is trivial, and every pair(a, b) with aaσ = b + bσ andb 6= bσ

induces an element of order4 in PSU
(

3, 22n
)

. Such pairs exist since the norm
mapN(a) := aaσ corresponding to the quadratic extension ofGF(22n) over the
fixed field ofσ is a surjective map.

4. GROUPS WITH ELEMENTS OF MIXED EVEN ORDER.

There remains the case wherer ∈ {2p, 2q}. Here we need the following deep
result by D. Gorenstein [5]:
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Theorem 4.1. LetG be a finite simple group whose Sylow2-subgroups are
abelian, and assume that every involution inG has solvable centralizer. Then
G is isomorphic toPSL (2, f), wheref ≥ 5 is even or congruent to3 or to 5
modulo8.

This result applies in the caser ∈ {2p, 2q}: the centralizer of an involution
contains only elements of orders dividingr, and is solvable by Burnside’spαqβ-
Theorem. The Sylow2-subgroups are (elementary) abelian since there are no
elements of order4. The groupsPSL (2, 2n) have been treated in 2.11. Thus we
may assume that the prime powerf is odd. In this case, the additional restriction on
f in 4.1 is just the requirement that the orderf2

−1
2 f of PSL (2, f) is not divisible

by 8: this is equivalent to requiring thatf2 is not congruent to1 modulo16.
In the case that we are interested in, we havef2

−1
2 f = 4pαqβ , and may assume

f = pα. Then (f + 1)(f − 1) = f2 − 1 = 8qβ implies 2γqδ = f + 1 =
f − 1 + 2 = 23−γqβ−δ + 2 with γ ∈ {1, 2} and0 ≤ δ ≤ β. Thusδ > 0 implies
the contradiction0 ≡ 2 (mod q), and we end up withf ∈ {1, 3}. But then
PSL (2, f) is not simple.

We can thus formulate our conclusive result.

Theorem 4.2. Each finite simple groupG with ω (G) ≤ 5 is isomorphic to
one of the following:

PSL (2, 4) ∼= PSL (2, 5) ∼= Alt5 ,
PSL (2, 7) ∼= PSL (3, 2) ,
PSL (2, 8) ,

or PSL (2, 9) ∼= Alt6 .

Remark 4.3. Using (implicitly) the classification of finite simple groups, we
could replace the discussion of groups with elements of mixed order by a reference
to the following result, proved by J. Zhang [23] 3.1:

LetG be a finite simple group. Assume that elements ofG belong to the same
orbit underAut (G) if they have the same order. ThenG is isomorphic to one of
the groupsPSL (2, 5), PSL (2, 7), PSL (2, 8), PSL (2, 9), PSL (3, 4).

In fact, J. Zhang has classified all finite groups with the property that elements
of the same order are in the same orbit under automorphisms.
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13. Mäurer, H.:Zur Automorphismengruppe der symmetrischen Gruppen, Mitt. Math. Ges. Hamb.11
(1983), 265–266.
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